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Abstract 

We compute the central invariants of the bihamiltonian structures of the con¬ 
strained KP hierarchies, and show that these integrable hierarchies are topological 
deformations of their hydrodynamic limits. 


1 Introduction 

The notion of central invariants of a semisimple bihamiltonian structure which possesses 
hydrodynamic limit was introduced in mm- It was proved in m that such invari¬ 
ants completely characterize the equivalence classes of the infinitesimal deformations of 
a semisimple bihamiltonian structures of hydrodynamic type under Miura type transfor¬ 
mations. It was also conjectured in mm that for any given semisimple bihamiltonian 
structure of hydrodynamic type and a set of central invariants there exists a deformation 
of the bihamiltonian structure. In order to prove the conjecture, one needs to verify the 
triviality of the associated third bihamiltonian cohomolgy that is introduced in [12]. In [T9J 
the first two authors of the present paper developed an approach to compute the bihamil¬ 
tonian cohomologies of a semisimple bihamiltonian structure, and proved the conjecture 
for the one component case. In a recent preprint [5], by using the approach of m and 
by further developing the computing technique, Carlet, Posthuma and Shadrin proved the 
conjecture for the general case. So for a given bihamiltonian structure, the knowledge of its 
central invariants is crucial in order to understand its properties and to study the relation¬ 
ship of the associated integrable hierarchy of evolutionary PDEs with different research 
fields in mathematical physics. For example, for a bihamiltonian integrable hierarchy that 
controls a cohomological field theory which is associated to a semisimple Frobenius man¬ 
ifold, we know from usi na E3] that the central invariants of its bihamiltonian structure 
must be equal to Such a bihamiltonian integrable hierarchy is called the topological 
deformation of its hydrodynamic limit [T2j. This property of central invariants provides 
us a useful criterion to find candidates of bihamiltonian integrable hierarchies that are 
related to cohomological field theories. 

Since the definition of the central invariants of a semisimple bihamiltonian structure 
involves representation of the bihamiltonian structure in terms of its canonical coordinates, 
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it is actually quite nontrivial to compute these invariants. In p3], the central invariants 
of the bihamiltonian structures associate to the Drinfeld-Sokolov hierarchies |10j are ob¬ 
tained. These bihamiltonian integrable hierarchies are labeled by the untwisted affine Lie 
algebras. For the integrable hierarchies that are associated to the untwisted affine Lie 
algebras of ADE type, the central invariants of their bihamiltonian structures are equal to 

It is shown in m that certain particular tau functions of these integrable hierarchies 
yield the total descendant potentials of the FJRW invariants of the singularities of ADE 
type. It is further shown in [20] that these Drinfeld-Sokolov hierarchies admit certain finite 
symmetry group actions, and the invariant flows w.r.t. these group actions coincide with 
the Drinfeld-Sokolov hierarchies associated to the untwisted affine Lie algebras of BCFG 
type. It is further proved in [20] that these BCFG Drinfeld-Sokolov hierarchies control 
the invariant sectors of the FJRW cohomological field theory for singularities of ADE type 
under certain symmetry group actions. A natural question then arises: whether there are 
similar relations between the Drinfeld-Sokolov hierarchies associated to the twisted affine 
Lie algebras and cohomological field theories. Let us note that, instead of a bihamiltonian 
structure, a Drinfeld-Sokolov hierarchy which is associated to a twisted affine Lie algebra 
only possesses one Hamiltonian structure mm- So the first step of our approach to 
reveal its relationship with a certain cohomological field theory is to represent it as the re¬ 
duction of a bihamiltonian integrable hierarchy, and we require that the central invariants 
of the bihamiltonian structure are equal to 

For the Drinfeld-Sokolov hierarchy associated to the twisted affine Lie algebras of type 
( 2 ) 

^ 2 n—i j we found that it can be obtained as the invariant flows of a certain generalized 
Drinfeld-Sokolov hierarchy associated to the untwisted affine Lie algebra of type A^_ v 
Such an integrable hierarchy was systematically studied in the beginning of the 90’s of 
the last century, and bears the name of a constrained KP hierarchy BO0 01102]. it 
possesses a bihamiltonian structure which admits hydrodynamic limit [8, 22]. The purpose 
of the present paper is to compute the central invariants of this bihamiltonian structure, 
and we obtain the following theorem. 

Main Theorem. The central invariants of the bihamiltonian structures of the constrained 
KP hierarchies are equal to ^. 

The paper is organized as follows. In Sec.[2]we give the definition of the constrained KP 
hierarchies, and present their bihamiltonian structures. In Sec.[3]we recall the definition of 
central invariants of a semisimple bihamiltonian structure. In Sec. [I] we compute explicitly 
the central invariants of the constrained KP hierarchies, and prove the Main Theorem. In 
the last section we present a conjecture that relates the constrained KP hierarchies with 
the topological deformations of the principal hierarchies associated to a certain class of 
Frobenius manifolds. 
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2 The constrained KP hierarchies and their bihamiltonian 
structures 


Let us denote by D the ring of pseudo-differential operators of the form ^2k<mfkd k i 
where fk '■ x i—>• fk{x) are smooth functions on R and m is an integer. For any two 
pseudo-differential operators 

^ = E ^’ B = E 9kd k 

k<mi k<m 2 

of T>. their product is dehned as follows: 

k<m\ j<m2 l> 0 ' ' 


For a fixed non-negative integer n, we consider the pseudo-differential operator L of 
the following form: 


L = d n+1 + V n d n ~ l + --- + v 2 d + Vl + {d- w )“ 1 u, 


(1) 


where 


(d — w) 1 = aid 1 + a 2 d 2 + ... 
is uniquely determined by the identity 

(d - w)(a\d ~ 1 + a 2 d ~ 2 + ...) = 1. 

We denote the differential operator part of a pseudo-differential operator P by P+. Then 
the (n + l)-constrained KP hierarchy can be represented by the following Lax equations: 


g = [(L fe /(-+ 1 )) + ,L], k> 1. 


(2) 


For example, the first flow of the constrained KP hierarchy ([2]) is the translation along the 
spatial variable x. The second flow of the hierarchy for the 1-constrained KP hierarchy is 
given by 

dii 

— — 2 wu x T 2uw x u X xi 
dt 2 

dw 

o, — 2 u x T 2ww x T w X xi 
at 2 

and that of the 2-constrained KP hierarchy has the expression 

du i du 

—— — 2 u x , — 2wu x + 2uw x u xx , 

dt 2 dt 2 


dw 

dt 2 


= 2 ww x + vi x + w x 
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Note that in the literature the constrained KP hierarchy is usually represented by the 
equations 


ar k 

^- = [(£^) + ,£], k> 1, 

&-<**>♦*■ £--(**);-. *> 1 . 

Here the pseudo-differential operator £ has the form 

£ = d n+1 + v n d n ~ l H- \-v 2 d + v 1 + qd~ l r. 

These flows are related to the ones defined by Lax equations ([2]) by the following trans¬ 
formations of the dependent variables 


u = qr, 


w = 


Qx 

q ’ 


As it was shown in [8] [22], the constrained KP hierarchy ([2]) possesses a bihamiltonian 
structure. In order to present this bihamiltonian structure, let us first introduce some 
notations. Denote 

B = L+ = d n+1 + v n d n - 1 + ■■• + «!. 

We define the variational derivative of a functional 

F = 


j f(v,v x ,...)dx, v = (vi,v 2 , ■ ■ ■ ,v n ,w,u) 


with respect to the pseudo-differential operator L by 

5F 5F S F SF 1 

Jl '~ Jb + + ~ w ^ 


(3) 


where the variational derivative of F with respect to the differential operator B is defined 
as usual M by 

— = f" d - i —. 

SB ^ 5vi 
1=1 

Then it is easy to verify that the variation of the functional F. defined by 


SF = J 

can be represented as 


^ SF SF . , . SF . 

y — — —Svi[x) + f f __^ Su{x) + -——<nc(£j | ax, 


8vi(x) 


/ 


res 


Su(x 

SF 


Sw(x) 


SL 


SL dx. 


where the residue of a pseudo-differential operator is defined by 

{^2 a id l ) = a- 1 . 


res 


i<m 
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For two functionals 


F = 


j /(v, v x , ... )dx, G = J g(y , v x , ... )dx, 


denote their variational derivatives w.r.t. L by 

X= *Z Y = — 

5L’ 5L ' 

Then by a straightforward computation, we can represent the two compatible Poisson 
brackets given in BG2 for the constrained KP hierarchy as follows: 

{F,G}i = J res ([L,X+]Y - [L,X\+Y ) dx, (4) 

{F. G} 2 = J res ({LY) + LX - ( YL)+XL + ^-yX[L, iPy] J dx. (5) 

Here Ky is given by the differential polynomial <9T lres ([-^> We note that the residue 
of the commutator of two pseudo-differential operators is always a total derivative with 
respect to x , hence Ky is well-defined. 

Define the Hamiltonians 


Hk= h k (v,v x ,...)dx, k >-n 


( 6 ) 


with the densities 


n + 1 fc+^+i 

h k = --ri'esL "+ 1 


k + n + 1 

Then it follows from P 122] that the constrained KP hierarchy (]2j) has the following 
bihamiltonian representation: 


dv 

dt h 


= {v(x), H k }i = {v(x),H k _ n _ i} 2 , k > 1. 


(7) 


We remark here that the original expressions of the two Poisson brackets that are given 
in [|8j[22] are quite long. However, with our introduction of the notion (j3j) of the variational 
derivative of the functional w.r.t. the pseudo-differential operator L, we are able to obtain 
the above simple expressions of the two Poisson brackets. This representation of the 
bihamiltonian structure is essential for our computation of its central invariants that is 
given in Sec.B 


3 Definition of the central invariants 


We consider bihamiltonian structures of the form 


{F,G} a 


fv^dx, a = 1,2, 

OWi OWj 


( 8 ) 
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where the local functionals F, G are defined on the jet space of a n-dimensional manifold 
M with local coordinates w\,, w n , the Hamiltonian operators P[\ P^ have the form 


K 1 


9a 


■x + r 4J 


\a( W ) W k y 


+E e ‘ 

k> 1 


4 ••» (,) )a?- ,+1) 


for a = 1, 2. Here the matrices ( g l a),a = 1,2 are non-degenerate symmetric, their elements 
are smooth functions of w \,..., w n . The functions A ^ , are homogeneous polynomials of 
w k}X , ■ ■ ■, d l x w k of degree l with coefficients depending smoothly on wi ,..., w n . Here we 
dehne the degrees of the jet variables by 


deg d k Wj = k. k > 0, j = 1,..., n. 

The semisimplicity of the bihamiltonian structure requires that the root Ai(u;),... , A n (w) 
of the characteristic polynomial 

det(g% - A g\ 3 ) 

form a system of local coordinates of the manifold M near a generic point of M which are 
called the canonical coordinates of the bihamiltonian structure. In these coordinates, the 
matrices {gi (A)) have diagonal forms 

g[ j (X) = f(X)6 ij , gi 2 j (\) = \ i f i (\)d ij , 


where Sij is the Kronecker delta function, and 


gi j ( A) = 


dXi k i. . d\j 
—g k a \w)—A. 
dw k dwi 


a = 1,2. 


Denote 


dX i Akl r...., dX 3 rtjrw _ d \ A 




kl 


8Xn 


dw k ~ L ’ u ' ax ~ J dwi' " avv dw k ' l2 '°’ a[W) dwi' 
then the central invariants ci(A),... ,c n (A) of the bihamiltonian structure 
by Q3j 


are defined 


Ci( A) 


1 

w 


Q-(A)-A l Qj l (A) + ^ 

k^i 


(P ki ( A) - A^P-f^A)) 2 
f k (X)(X k — A*) 


(9) 


Now let us introduce the dispersion parameter e to the constrained KP hierarchy ([2|) 
and its bihamiltonian structure d3]) (El) by the following rescaling 


d d d 
dt k € dt k ' dx 


d_ 

6 dx' 


d^D 


ed. 


Then for two pseudo-differential operators 


A = f kDk ’ 

k<m i 


B = Y, 9kD k , 

k<m 2 
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their product is modified as 


AB= £ £ 

k<m\j<m,2 i >0 v ' 

After the rescaling, the constrained KP hierarchy Q takes the form 

^ = -[( L k/(n+1) )+ ,L}, k>l, (10) 

ot k e 

where the Lax operator is given by 

L = D n+1 + v n D ■ n " 1 + • • • + v 2 D + ui + (D - w )"V (11) 

The associated compatible pair of Poisson brackets (pf |) , (|5 |) is modified as 

{F, G }i = i J res ([L, X+]K - [L, X\+Y) dx, (12) 

res ^( LY)+LX - ( YL) + XL + —J-j -X[L, Ky^j dx, (13) 

with Ky = e _1 9“ 1 res([L, V]). Here and in what follows the residue of a pseudo-differential 
operator is defined to be the coefficient of D~ l . It is easy to see that the bihamiltonian 
structure ()12[) , (|13l) for the constrained KP hierarchy © has the form (|H]h so we can define 
its central invariants by using the formulae given in Q. In the next section we are going 
to show that all these invariants are equal to which proves the Main Theorem. 

4 Proof of the Main Theorem 

In order to compute the central invariants for the bihamiltonian structure of the con¬ 
strained KP hierarchy, we first recall the notion of the symbol of a pseudo-differential 
operator and the star product between two such symbols, see HU for more details. 

For a pseudo-differential operator A = Yhi< n a i{ x )D l , its symbol A(x,p) is defined as 

4(x,p) = ^ a,i{x)p l . 

i<n 


{F,G} 2 = - e f 


We will also denote it as A(p) or simply as A when its dependence on the spatial variable 
x and on the parameter p is clear from the context. The positive part of the symbol A 
and the residue of it are defined by 


Mp)+ = ^ a i( x )P l 

0 <i<n 


i 

2iri 


dq , resi = o_i = — 
q — p 2n i 


A(q)dq. 
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Here the integration is taken along a circle 7 = {q € C | \q\ = r} with anticlockwise 
orientation and r > |p|. The star product of two symbols A\, A 2 is defined by 


e 

A 1 (x,p)*A 2 (x,p) :=e A 1 (x,p)A 2 (x',p')\ x < =XtP > =p 

OO 

= ^ ( —\ d pAi(x,p)d x A 2 (x,p). 
k=0 

It is easy to see that, giving two pseudo-differential operators A\ and A 2 , the symbol of 
their product A\A 2 is just the star product of the corresponding symbols, i.e. 

AiA 2 = A\ -k A 2 . 

It follows from the above definition that the symbol of the Lax operator L has the expres¬ 
sion 


L(p) = p n+1 + v n (x)p n 1 -|-b v 2 (x)p + v\(x) + ((D - w(x)) 1 )~*u, 

where the symbol 

((D -»)-') - = 

k> 1 U ' 

is determined by the following recursive relations: 

b\ = 1 , b 2 = 0 , b k+ i = -e(k - l)b k -iw x - eb ktX , k> 2. 

Thus the symbol of L can be represented as 

OO 

L(p) = \(x,p)+ ^2e k \ k (x,p) (14) 

k=l 


with the leading term 

A (x,p) = p n+1 + v n (x)p n ~ 1 H-b v 2 (x)p + ui(x) -I- U ^ X ] . (15) 

p — w[x) 

Now we proceed to compute the coefficients Pa , Qa and f l of the bihamiltonian 
structure (fl2j) . lfT3j) . For a fix y £ M, we can regard v\ (y),... ,v n (y),w(y),u(y) as local 
functionals. We introduce a generating function F(y) by 

F(y) = Kv, 0 - c +1 = J Vfc(ic)£* _1 + S(x - y) dx. (16) 

Here 5(x — y) is the Dirac delta function. In a similar way we introduce functional 
G(z) = A (z,() — C n+1 - We are to compute the Poisson brackets of these two functionals 
{F(y), G(z)} a (a = 1, 2) which we will also denote by {A(y, £), X(z, £)} a . 






By using our definition Q of the variational derivative w.r.t. the Lax operator L we 
have 


X : = 


SF{y) 

5L 

£ D-«e-H( x -v) + (D - w(x)) 

4 — w[x) (4 — w[x)Y 

Y D ~ k a k (x) - ea'_ i(x), 


k=\ 

n 


k=—l 


where 


a-i(x) = 
a oO) = 


S(x - y) 

(£-w(x)) 21 

5(x — y) 5(x — y)w(x) 


£ — w(x) (£ — w(x)) 2 
a k (x) = £ fc- 1 5(x -y), k = 1,2 ,..., n. 

The variational derivative of the functional G(z) w.r.t. the Lax operator L has a similar 
expression 


Y : = 


Let us denote 


5G{z) 

5L 


Y D k b k (x) - e 6 '_i(x), with b k {x) = a k {x)\^( ,y->z- 


k =-1 


m = X W’ »o>)= E Ma: 




pt 


i =—1 i =—1 

and o(x) = a_i(x), 6 (x) = fe_i(x). Then it is easy to see that the symbols of X and Y 
have the expressions 


X = Y P * *«k(®) - ea'(x) = Y y d t d xf(p) ~ «*'(&), 

k =-1 fc >0 

n 

Y = Y P~ k * & *(®) - eb \ x ) = Y -n d p d x9(p ) - eb'(x). 


fc=-1 


fc >0 


(17) 

(18) 
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Now we are ready to compute the Poisson brackets (fl2l) . (fT3l) . We have 


{A( 2 /, ^), A(a;, C)}i = ~ J res ([L,X + ]Y - [L,X] + Y)dx, 
res ([L, Y] + X + Y+[L, X ]) dx 

*X(p) ] dx 


+ 


res 

1 


res 


■1 [dXX 

e J J 2m 


kY(p)-Y(p)k 

kX(p)-X(p)k 
L(q) k Y(q ) - Y(q) -k L(q ) dq 


+ 


dx 


dp 

2ni 


q-p 

Y(q) dq \ 
q — p 2-7T i 


dx 
kX(p) 


2tt i 

kX(p)-X(p)k 


Since the definition (0 of the central invariants does not involve the terms in the expression 
of the bihamiltonian structure that contain derivatives of the variables u, w and Vi s with 
respect to x. we see that the second term in the r.h.s. of (TUO) does not contribute to the 
central invariants. Thus in the above expression of the Poisson bracket, we can replace 
L(p) by A (x,p) which we also denote as A (p). Similarly, for the second Poisson bracket we 
have 


{A(y,0>M^0}2 

= - [ res f (LY) + LX - (YL) + XL H--— X[L, K Y ] ) dx 

e J V n +1 


res 

1 


res 


*Y(p)) + kL(p)-k 

kL(p)) + kX(p) k 


dx 


dx 


+ 


e(n 


J res (x(p) k ( L(p ) 


* Ky — I\y k 


dx 


dx 


dp 

2iri 


L(q)kY(q) dq 


-- ldxi £i 


q — p 2iri 
Y{q)kL(q) dq 


+ 


e(n 


q — p 2ir i 


7 ] *L(p)kX(p) 

:) *X(p)kL(p) 
k Ky — Ky k 
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In the above formula, the function Ay can be represented as 

Ay = e _ 1 cI“ 1 res([L, Y]) 

= e - 1 a~ 1 res (t(q) * Y{q) - Y(q) * A(g)) 

/ j OO k — 1 

sEV s f J<,frlf(!)+ -' (19) 

k =1 

where .. ” denotes some additional terms that contain d x L(q ) with i > 1. These terms do 
not contribute to the expressions of the central invariants of the bihamiltonian structure, 
so we will omit them. For the same reason, we can replace L(q) by A (x,q) in the above 
formula for Ay. 

Substituting (fT71) . (fTH|) and (fl9l) into the above formulae for the two Poisson brackets 
we obtain 


{A(y,0> M z ,C)}a 

= I ( ^ / tolf ^ S ^ 

r,s >0 

+ f(p)Rr, S]a (P, q)d r x~ s+1 b(x) + a(x)R 3 s . a (p, q)d r ~ s+l g(q) 
+a(x)Rf iS . a (p,q)d r x ~ s+1 b{x)\ , a =1,2. (20) 


Here integration by parts w.r.t. the variables x,p,q is performed. A straightforward 
computation gives the following expressions of the first few coefficients of R l r s . a (p, q): 


^ 0 , 0 ;l — 


A '(p) ~ A \g) 
p-q 


) -^ 0 , 0 ;! ~ ^ 0 , 0;1 ~ ^ 0 , 0;1 ~ 0 ) 


p i _A"(p) + A"(g) A'(p) — X'(q) 

^bf n-i —“ 


W 2 (p-g) 


(P - <?) 2 




p2 _ p3 _ A'(p) A'(g) d4 

„l A"'(p) - A'"(?) A"(p) + A"(g) , A'(p)-A'(?) 

A) n -1 —-~- 7 -~ -h 


2 ’ 0;1 6 (p-q) 


2 (p - <?) 2 


2 _ d3 _ A"(p)-A"(g) d4 


pz _ DO _ 

^O;! — -^ 2 , 0 ;! — 


2 (p - q) 


> -^ 2 , 0 ;! — 


(p - q) 3 

A'(p) - A'(?) 


p- ? 


li 












and 


D i _A(g)A'(p) ~ A(p)A'(g) , A'(p)A'(g) 

^o, 0;2 - — + n + 1 ’ 

-^ 0 , 0;2 = -^ 0 , 0;2 = ^ 0 , 0;2 = 0 ; 

1 _X(p)X'(q) - A(g)A'(p) , A(g)A , '(p) + A(p)A"(g)-2A'(p)A'(g) 


-^ 1 , 0;2 ~ 


+ 


+ 


(P - g ) 2 

A"(p)A'(g)-A ; (p)A"(g) 

2(n + 1) 


2(p - 9) 


,2 _ D 3 A(p)A'(g) - A(g)A'(p) A'(p)A'(g) d4 


79 ^ _ DO _ 

— “ -^ 1 , 0,2 — 


J -^ 1 , 0;2 — 0 > 


R 


1 

2 , 0;2 




p—q n + 1 

A w (p)A(g) - 3A"(p)A'(g) + 3A'(p)A"(g) - X(p)\"'(g) 

6(p ~ q) 

\"{p)X{q)-2\'{p)\'(q) + \{p)\"{q) | A'(p)A(g) - A'(g)A(p) 
2{p — q) 2 (p — q) 3 

2A'"(p)A'(g) - 3X"{p)X"{q) + 2A'(p)A"'(g) 

+ 12(n +1) ’ 

2 A(p)A" (g) - A(g)A"(p) A"(p)A'(g) + A'(p)A"(g) 

2(p - q) 


2 , 0;2 

.3 

2 , 0;2 


2(n + 1) 


o3 X{p)X"(q) — X(q)X"[p) , A"(p)A'(g) - A'(p)A"(g) 

-n>9 n-9 — ” ■ I 


2 (p - g) 


2(n + 1) 


^ 2 , 0;2 = 


A(p)A'(g) - A(g)A'(p) X'(p)X'(q) 


p-q 


n + 1 


Here and in what follows A 7 (p), A"(p), X'"(p) denote the functions d p X(x,p), d 2 X(x,p), 
d 3 X(x,p) respectively. It is easy to check that all the r.h.s. of the above formulae have no 
singularity at p = q. 

Lemma. The Poisson brackets © can be represented in the form 

k +1 

{A (y, 0, A (z, C)}a = C) (y-z), a =1,2. 

k> 0 1=0 

Here the coefficients Ak t i ;a (£,Q that are relevant to our computation of the central invari- 
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ants have the expressions 


A),0;1 

^2,0;l 

Aofi-2 

Alfi-2 


= a 


0 , 0;1 


= R 


1 , 0;1 


= R 


' 2 , 0;1 


= a 


0 , 0;2 


= R 


1 , 0;2 


(£,C), 
(€, C) - 

(€, o - 

(&C), 


(£-Q(£ + C-2u>(x))u(x) 

(£ — w(x)) 3 (C — w(x)) 3 ’ 

(£ + £ ~ 2 w(x)) (C 2 + £ 2 — ££ + yj(x) 2 — (w(x) — £w(x)) u(x) 
(C — w(x)) 4 (^ — w(x)) 4 


it n _ (£ + C - 2 w(x))u(x) ( A(£) _ A(C) \ 

(( — w(x)) 2 (£, — w(x)) 2 — vu(x) £ — w(x)) 

u( X ) ( m A'(o \ 


(£ — w(x))(£ — w(x)) \£ — w(x) £ — w{x) J 

u(x)_ }_m_ _ m \ 

n + 1 — w(x)) 3 (£ — w(x)) 3 J ' 

= pi it _ n + 2 u ( x ) 2 

2 , 0,2 2 , 0;2 > n + 1 (£ — ic(x)) 3 (£ — iv(x)) 3 

— C)(C + ^ — 2zu(x)Mx) / A(£) A(C) 


(£ — io(x)) 3 (£ — w(x)) 3 — w(x) £ — w(x) J 

«(x) f A"(Q + A"(£) \ 

2(£ — u;(x))(£ — w(x)) \£ — w(x) £ — w(x) J 

<x) ( m m \ 

(£ — w(x))(£ — w(x)) \(£ — w(x)) 2 (£ — w(x)) 2 J 

2u(x)X' + (iv(x)) u(x)( £ + £ — 2w(x))\+(w(x)) 


(C — w^(x)) 2 (£ — w(x)) 2 (£ — w(x)) 3 (£, — w(x)) 3 

u{x)_ ( A"(£) A"(£) V(C) A'(£) \ 

n + 1 \ 2 (£ — w(x)) 3 2 (£ — w(x)) 3 (£ — w(x)) 4 (£ — w(x)) 4 J' 


In the above formula A + (p) = \(x,p) — p Y(x) denotes the positive part of the symbol X(p), 
and X' + (p) = dpX+(p). 


Proof In order to simplify the computation, let us introduce the following function: 

Kp) =f(p ) + Y ^~r 6 ( x ~ y ) 

i>n ^ 
ti—1 

= Y Y~5(x -y) + a 0 (x) +pa_i(x) 

pi 

i>0 J 

: Z$(x -y) + a Q {x) +pa-i(x), 
p-f 

where we assume that £ is a complex number such that \p\ > |£|. In the same way we 
introduce the function 

g(q) = —'—z<5(x - z) + b 0 (x) +pb-i(x). 

q-C 
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It is easy to see that if we replace f(p ) and g(q ) in the r.h.s. of (1201) by f(p) and g(q) 
respectively, the r.h.s. of the expressions of the Poisson brackets are unchanged. After 
this replacement the path integral w.r.t. p and q can be computed by taken the residues 
at P = £,P = w,q = ( and q = w. A direct computation leads to the results of the lemma. 
The lemma is proved. □ 

Now we are ready to compute the functions /*, Pa and Q™ that appear in the definition 
© of the central invariants. Suppose r* (* = 1, 2 ,..., n + 2) are the roots of A'(r) = 0 and 
pairwise distinct, then it is easy to see that A(ri) (i = 1 , 2, ..., n + 2) provide a system of 
canonical coordinates of the bihamiltonian structure (I12|) . (1131) . It follows from the above 
lemma that 


f 


td 1 3 

r \ 


r 2 


Q 


a 

l 




=A"(r i ), 


\"{n) + A "(rj) (ri - rj)(ri + rj - 2 w)u 

2 (ri — rj) (r* — w) 3 (rj — w) 3 

\"{rj)\{rj) + \{rj)\"{rj) 

2(rj - rj) 

(r-j + rj - 2rr)(A(rj)(rj - w) - A (rj)(rj - w))u 
(rj - w) 3 (r k - w) 3 


^"(riWrO + j^ 




n u\"{ri) 2u\' + (w) 


n + 1 (ri — w) 3 (rj — w) A 


n + 2 u 2 

n + 1 (rj — w) e 
2u\ + (w) 

(Tj - w) 5 ’ 


for i,j = 1,2,..., n + 2. From the above formulae we obtain 


ki 


p,V - A (n)PZ 

= (A (r k ) - X(n)) 

X(r k ) - A(rj) 
r k - rj 


A"(rj) 

2(r fc - rj) 

A'|(+) 


+ 




^(r fc + rj - 2w) 
(r k - w) 3 (rt - w) 2 
u 

- w)(r k - w) 2 _ 
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So we have 


v (,p f - x{n)pjr )) 2 

^ f k (X(r k ) - A(r-i)) 

A" (rj) 2 A(rfc) — A(rj) ^ »A" (rj) y-^_ A(r&) — A(rj) _ 

4 ^ A "{r k )(r k - Ti) 2 n-w ^ A "(r k )(r k - rj) 2 (r fc - w ) 2 

u 2 y- A(r fc ) - A(rj) 

{n - re) 2 “ A "{r k ){r k ~ ri) 2 (r k - w) 4 

1 — n A"(rj) 2 u\"(ri) n + 2 « 2 

2(n + 1) 4 (r-j — ie) 3 n + 1 (rj — w>) 6 

2uA(rj) 2uA + (u>) 2uA' + (w;) 

(j-j — ie ) 5 (rj — w ) 5 (rj — w ;) 4 


To obtain the last equality we applied the residue theorem to the following meromorphic 
function: 


hi(z) 


A (z) - A (n) 
X'(z)(z - n ) 2 ’ 




^-i (-g) 

(z — w ) 2 ’ 




hi(z) 

(.z — w ) 4 ' 


From the above expressions for the functions and Q™ we also have 


Q$ - A(r 4 )Ql* = 
+ 


n \"{ri) 2 uA"(rj) n + 2 


n + 1 4 (rj — w) 3 n + 1 (rj — rc) 6 

2u\(ri ) 2iiA + (w;) 2wA' + (u;) 


- tc) 5 (r* - m) 5 (rj - w) 4 ' 
So by using the definition © we obtain 


1 


Ci = 


3A"(rj 


n A"(rj) 2 1 — n A ''(rj) 2 " 1 


n + 1 


2(n + 1) 4 


1 

24' 


Thus we proved the Main Theorem. 


5 Conclusion 

We have shown that the central invariants of the bihamiltonian structure (1121) . (113(1 of 
the constrained KP hierarchy (11011 are equal to 7 ^. which is an important feature of the 
topological deformation of the principal hierarchy of any semisimple Frobenius manifold. 
There is indeed an (n + 2)-dimensional semisimple Frobenius manifold M underlined the 
constrained KP hierarchy. It has the superpotential 

A {p) = p n+1 + v n p n+l H-f- v 2 p + vi H--—, 

p — w 


15 






























and the Frobenius manifold structure is defined as follows (see m for details). The flat 
metric of the Frobenius manifold is defined by the residue pairing 


, d d d Vi X(p)d Vj \(p)dp 

W art = _<res '-“ +res,, -” ) — pw—■ 

and the multiplication is defined by 

. d d d . . d Vi \(p)d Vj \(p)d Vk \(p)dp 

C W dV 8^) = - <res '-“ + res "” ) - d++) -' 

Here i,j = 1,.. . ,n + 2, and we denote v n+ \ = w,v n+2 = u. The flat coordinates of the 
Frobenius manifold can be chosen as 


Vi = -- 


n + 1 


-p ^ x 

- -:res p= 00 A (p) "+ 1 , i = 1 ,..., n, 

1 — 1 


n + 1 — 

Vn+l — ^n+1; V n -\-2 — ^n+2 


Then potential F(v) of the Frobenius manifold can be represented as 
F = P{y 1: ... ,v n+2 ) + \v 2 n+2 (^logUn +2 - ^ , 


where P(y ) is a quasi-homogeneous polynomial which does not contain quadratic mono¬ 
mials, and the quadratic term —jV 2 +2 added to the potential for the convenience of 
fixing a calibration 

{Oi,m (v) | m > 0, i = 1,..., n + 2} 
of the Frobenius manifold as it is done in [21] . 

The flat metric (,) defines a Poisson bracket of hydrodynamic type on the loop space 
of the Frobenius manifold M, and it is easy to see that this Poisson bracket coincides with 
the one obtained from the first Poisson bracket (1121) of the constrained KP hierarchy (HOD 
under the dispersionless limit e —>• 0 m- There is a second flat metric of the Frobenius 
manifold which is define outside of the discriminant of M and is given by the following 
residue pairing: 


,d_ _d_ 

' dvi ’ dvj 


— (reSp— oo T res p= w 


d Vi \(p)d Vj \(p)dp 

' Kp)d P X{p) 


i,j = !,■■■,n + 2 . 


It yields another Poisson bracket of hydrodynamic type on the loop space of the Frobenius 
manifold M, and it coincides with the one obtained from the second Poisson bracket m 
of the constrained KP hierarchy (HOD under the dispersionless limit. These two Poisson 
brackets yield a bihamiltonian structure on the loop space of the Frobenius manifold and a 
bihamiltonian integrable hierarchy of hydrodynamic type - called the principal hierarchy 
of the Frobenius manifold. It can be represented as 


dvi = ik_d_ ( dflj,m+A 

dP’ m dx \ dvk ) ’ 


m > 0 , i,j = 1 ,..., n + 2 , 


( 21 ) 
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where the matrix (rf 3 ) is given by the inverse of the matrix {(-Mp, jBr))- and the functions 
0j^ m which defines the calibration of the Frobenius manifold can be represented as 


1 


7 — res p=00 \(p) m+ «+i, m> 0, j = 1,... ,n. 


J 3,m 


9, 


(n + l)WUk + ^- 1 ) 

1 


n+l,m 


9. 


n+2,m — 


(m + 1 )! 
n + 2 
(n + 1 )m) 


res p=00 A (p) m+1 , m> 0. 

res p=U) [A (p) m (log A (p) - c m )] , m > 0. 


Here Co = 0,c m = Y^k=i and logA(p) is redefined as follows so that we can take the 
residue near p = w. We first expand the function 


log ^ m A(p)j = log ^1 + ^2 ~'P k l (P ~ w ) + ^ ;P n+1 {p ~ w)\ 


near p = w to obtain the formal power series 

A = ^a k (p - w) k . 


k> 1 


Then we consider the function 

log ( (p -1). + i a w) 

and view it as a function of p = p — w. We expand it near p = oo to obtain the following 
formal power series of (p — w ) -1 : 

B = ^b k (p-w)~ k . 
k>\ 


Now the logarithm of A (p) is dehne by 

n + 1 / 1 \ 

log A (p) := —— log u + A + —— B . 

n + 2 \ n+ly 


Denote by -^-,k > 1 the dispersionless limit of the constrained KP hierarchy (HOI) , 
then they have the following relation with the principal hierarchy (1211) of the Frobenius 
manifold M: 

d 

dV’ m 
d 

Q t n+l,m 

In order to establish the relation of the flows dtn +i,m with that of the constrained KP 
hierarchy, we need to add to the constrained KP hierarchy another set of flows as it was 


771—1 


n + 1 


n< t+ 

k =0 

1 d 
(m + 1)! dt m+ 1’ 


3 X-l 


d 


^ A 1 Ot m (n+i)+j 

m > 0. 


, m> 0,j = 
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done for the 1-constrained KP hierarchy in [3] - The main step in the construction of the 
additional flows given in [3] is to define the logarithm of the Lax operator L. This was 
achieved by a Legendre transformation that relates the 1-constrained KP hierarchy with 
the extended Toda hierarchy. This construction can be generalized to give a Legendre 
transformation between the constrained KP hierarchy and a special case of the bigraded 
Toda hierarchy given in [2], and to give a definition of the logarithm of the Lax opera¬ 
tor L. After an appropriate definition of the additional set of flows of the constrained 
KP hierarchy, we obtain the extended constrained KP hierarchy. We have the flowing 
conjecture: 

Conjecture. The extended constrained KP hierarchy coincides with the topological defor¬ 
mation of the principal hierarchy of the associated Frobenius manifold. 

We note that a canonical way is given in H2J to obtain the topological deformation of 
the principal hierarchy associated to a semisimple Frobenius manifold. We will study the 
validity of the above conjecture in a separate publication. Finally, we remark that in [3] it 
is proved that the central invariants of the bihamiltonian structure of the bigraded Toda 
hierarchy are also equal to It would be interesting to establish a direct relation between 
the bihamiltonian structures of the constrained KP hierarchy and that of a certain special 
bigraded Toda hierarchy. 
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